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Table 2 ajatjc = 0

ylh

°*x

0
1.0164

0.2

0.9897
0.4

0.9777
0.6

0.9743
0.8

0.9898
1.0

1.0179

y/h =

y/h =

x/L =

Table 3 Stress ratio r*y

0.1 0.3 0.5 0.7

1.0156
0.9150

1.0012
0.9265

0.9950
0.9762

0.9968
1.0640

Table 4 Stress ratio a!

0.1 0.3 0.5 0.7

Table 6 Displacement ratio u*

0.2 0.4 0.6

0.9

1.0066
1.1900

0.9

X-0.8L 0.8397
0.0164

0.8388
0.1425

0.8719
0.3750

0.9291
0.6737

0.9875
0.9450

Table 5 W* at y = 0

x/L

W*

0

1.1068
0.2

1.1071
0.4

1.1078
0.6

1.1086
0.8

1.1089

1.0

y = 0 1.0163
y = h 0.6034

1.0160
0.5788

1.0148
0.5343

1.0122
0.4723

1.0098
0.4281

While w does not vary through the beam thickness for the 1-2-
3 order theory, the variation is also very small according to 3-
4-5 order theory. Results on the displacement ratio w* along
y = 0 are given in Table 5.

Results on u based on 1-2-3 and 3-4-5 order theories agree
well for the lower portion, but deviate from each other in the
upper portion of the .beam. Deviations become larger for
sections, closer to the edge. The discrepancies at y = h, quite
significant for the shorter beam, are evident in the results in
Table 6 on the displacement ratio u*.
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Numerical Results and Discussions
For illustrative purposes, qx = Q, qy=P, andLI=L2=L are

considered. The depth h is taken to be one-quarter of a unit.
Rather short beams with L = 2h and 4/z, simply supported at
x= ±L and^ = 0 are considered. The boundary conditions at
x = L for 1-2-3 and 3-4-5 order theories are N0 = N] = W0 = 0
andN 0 =N 1 =N 2 =W 0 = U'0 = 0, respectively.

As a first example for which p = P0(L-x), Neou's4 Airy
polynomial stress function solution is comparable to the
present 1-2-3 order theory. It is found that expressions for oy
are identical, and discrepancies for ax and rxy are negligible
between the two analyses. While the displacements can be
calculated or be prescribed as boundary conditions in the
present analysis, they can not be easily included in Ref. 4.

As a second example, p = constant is considered. Results
based on 1-2-3 and 3-4-5 order theories will be discussed. As
the discrepancies between these two theories increase as the
beam length decreases, comparison of numerical results for
the shorter beam L = 2h will be given. Longitudinal stresses of
ox calculated according to the 3-4-5 order theory are slightly
lower than those of 1-2-3 order theory for 0.2/z<^<0.8/z, and
reversed in the remaining portion. Some results of a* at x = 0,
with the superscript * denoting the ratio of the quantity based
on 3-4-5 order theory to that of 1-2-3 order theory, are listed
in Table 2. Results for the shearing stress T.XZ calculated ac-
cording to both theories agree very well in most of the interior
part of the beam. Deviation begins at approximately x = O.SL.
In this region near the edge, some results on the stress ratio r*y
are given in Table 3. Results on oy agree well for most of the
interior region. They begin to deviate at approximately
x = Q.6L for the shorter beam. While ay does not vary along
the x axis for 1-2-3 theory, it generally exhibits sharp stress
gradients near the beam edge according to the 3-4-5 order
theory. Some results on the stress ratio a* are listed in Table 4.

Nomenclature
A = cross-sectional area of a node
e = internal energy in a node
£ = length of anode

- flow Mach number
— mass in a node
= pressure
= velocity defined by ( WIplA )
= e + l/iMu2\ total energy in a node
— volume of node
= mass flow rate
= ratio of specific heat
- density

m
M
P
u
U
V
W
7
p
Subscripts
j,k,l,m = values at positions shown in Fig. 1
0 = upstream value

Introduction

N UMERICAL techniques for calculations in which shock
waves undergo considerable change from a state of

initial steady propagation are of interest in many situations.
For example, the interaction of a normal shock wave with a
discontinuous area constriction results in reflected and
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transmitted shock waves, a contact discontinuity, and ex-
pansion waves. The resulting wave pattern, as discussed by
Rudinger, l depends upon the incident wave strength and the
severity of the constriction. Many numerical methods exist in
the literature that successfully calculate2'6 the propagation of
shock waves. Some of these methods use artificial dissipative
terms to spread the shock discontinuity over a few grid in-
tervals and alleviate oscillations that might otherwise arise.
The artificial terms introduce little error in calculating the
propagation of a steady shock; but, they are known to cause
errors7 when the shock undergoes change from one steady
state to another. As the shock wave incident on an area
constriction undergoes considerable change from its initial
steady propagation, methods using the artificial dissipative
terms are ill-suited for this and similar problems.

In this Note, we present an accurate calculation of a shock
wave interaction with discontinuous area constrictions by
using an implicit method to solve ordinary differential
equations derived from the control volume integration of the
equations in the conservation-law form. As far as we know,
this particular method has not been previously applied to
shock wave calculations. The method does not require ad-
dition of artificial dissipative and dispersive terms and yields a
smooth (monotone) shock profile with no oscillations.

Method
The conservation equations are derived for control volumes

using the "donor cell" approach of Gentry et al.8 in which
the fluid properties are defined at the control volume centers
and the mass flow rates at the control volume edges. This
results in a system where the control volume for the
momentum conservation equation is staggered with regard to
the control volume for the mass and energy conservation
equations, as shown in Fig. 1. The staggered control volume
approach has also been widely used in computer codes for
calculating transient subsonic internal flow in nuclear
reactors.9'11

The momentum conservation equation may be derived by
integrating the stream tube momentum equation over the
appropriate control volume shown in Fig. 1. Moore et al.12

have suggested that the following approximations are good
over a wide range of problems:

1) The fluid properties immediately adjacent to the
discountinuous area change (aty-f- andy-) are related to each
other through isentropic expressions.

2) The speed of sound immediately downstream of the area
change is equal to its value immediately upstream, i.e., the
speed of sound at j+ is equal to that at j — for the flow
direction shown in Fig. 1.

The momentum conservation equation is then:

p0A0

where

The subscript 0 indicates the value immediately upstream of
the area change and no subscript indicates the value im-
mediately downstream; i.e., at j— andy'+, respectively, for
the flow direction shown in Fig. 1. The first two terms on the
right-hand side of Eq. (1) contain the mass flow W at node
centers. However, the mass flows are not defined at the node
centers, but only at the node edges. We have used two
methods of defining these values. In the first, the "upwind"
value is used; i.e., for the flow direction in Fig. 1, ( W / p ) k is

-NODAL CONTROL VOLUME (MASS a ENERGY BALANCE)

-FLOW PATH CONTROL VOLUME (MOMENTUM BALANCE)

Fig. 1 Staggered control volumes for mass, energy, and momentum
balances.
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Fig. 2 Pressure history in shock tube after diaphragm rupture.
Initial high pressure = 4.34 atm, low pressure =1.0 atm, and tem-
perature = 300 K; y = 1.4. Theoretical Mach number = 1.37; computed
Mach number = 1.39.

set equal to Wj_llpm and (W/p)( to Wj/pk. In the second,
Wk and W( are taken to be the arithmetic average of the
values at the node edges; i.e., ( W / p ) k = ( Wj_, + W f ) / ( 2 p k )
and ( W / p ) ( = ( W j + W j + l ) / ( 2 p l ) . Calculations with both
methods yield very little difference in results for the cases
discussed in this paper. For certain problems, the first method
is more numerically stable than the second.

Integration of the energy and mass equations over the
appropriate control volume (shown in Fig. 1) yields

M
_

-

dt

(2)

(3)

The equation of state relates pressure to internal energy and
density. For an ideal gas, it is:

(4)

where

j _ t \ 2 + \ W j \ 2 ) / 2

Equations (1-3) for all the control volumes in the system may
be represented by the vector equation

(5)
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Using the Euler implicit method, the following set of
nonlinear algebraic equations is obtained:

+ 1 (6)

where the superscript n denotes values of the vectors at time-
step n.

Application of the Newton-Raphson method to solve the
nonlinear system, Eq. (6), iteratively yields

(7)

where 7 is the identity matrix, subscript / indicates the initial
values of the vector y and subscript /+1 indicates improved
values after one iteration. df(yf + ]) /dyf+1 is the Jacobian
taken over all control volumes in the system. The number of
iterations necessary depends on the rapidity of the transient,
the convergence criterion, and the Courant numbers (the
values of ( I W/pA I + a) At/Ax). For the problems and
Courant number used in this study,

\yn
2

+1-yr (8)

The method is stable at time-steps well over those leading to
a Courant number of one. This is expected in view of Por-
shing's14 study of the stability characteristics of implicit
methods for the solution of the equations in conservation law
form.

Results
The method described has been used for calculation of

shock wave propagation in an ideal shock tube and shock
wave interaction with discontinuous area changes. In general,
the calculations for the second case are quite difficult,
especially with regard to the reflected shock strengths.

The results of the shock tube calculations are shown in Fig.
2 for two Courant numbers. As evident, the shock pressure
ratio and velocity are well predicted. The shock spread, also
characteristic of methods using explicit artificial viscosity,
indicates the inherent dissipation in the numerical method.
The dissipation and, hence, the shock spread may be con-
trolled by controlling the Courant number.

REFLECTED SHOCK CONTACT
DISCONTINUITY

2 j~
TRANSMITTED SHOCK

TIME (t)

SPACE ( Z )

1.9
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* 1.4
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1.0

THEORY, FRICTIONLESS (14)
THIS WORK
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Fig. 3 Shock wave interaction with an area reduction.
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A z / A ,

Fig. 4 Comparison of transmitted and reflected shock strengths for
varying area ratios. Incident shock strength (P/ / P 0 ) = 2.0; y = 1.4.

For calculation of shock wave interactions with area
changes, the problem geometry was of the form shown in Fig.
3. The shock wave is set in motion at the left-hand side. The
amplitude of the shock wave can be controlled by the injection
rate. The wave pattern resulting from a shock interaction with
a discontinuous area reduction is shown in Fig. 3.

The interface of regions 0-1 indicates the incident shock
path. The other interfaces 0-2, 4-1, and 2-3 represent the paths
of the transmitted shock, reflected shock, and contact
discontinuity, respectively. By using injection for the shock
wave rather than a shock tube, the expansion wave is
eliminated. This facilitates the examination of the steady-state
properties at the area change (regions 3 and 4 in Fig. 3).

The strengths of the reflected ( P 4 / P t ) and transmitted
(P2/P0) shock waves arising out of the interaction of an
incident shock wave with a wide range of area reductions are
shown in Fig. 4. The theoretical values for frictionless flow
shown in the figure were calculated from the work of
Reichenbach and Dreizler.14 The results obtained show that
the strength of the reflected shock and transmitted shock are
well predicted by the numerical calculations.

Conclusions
A control volume integration approach that conserves mass

and energy exactly, together with an implicit solution method,
has been applied to shock wave calculations. The method has
sufficient inherent dissipation and explicit artificial viscosity
terms are not required to damp oscillations. Shock spread can
be controlled by controlling the Courant number.

The method gives good results even when the shock un-
dergoes considerable change, such as during interactions with
discontinuous area changes. It can be applied relatively easily
to complex one-dimensional systems and should be useful for
calculations of this type.
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